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ARBOREAL REPRESENTATIONS FOR RATIONAL MAPS WITH
FEW CRITICAL POINTS
JAMIE JUUL, HOLLY KRIEGER, NICOLE LOOPER, MICHELLE MANES, BIANCA
THOMPSON, AND LAURA WALTON
Abstract. Jones conjectures the arboreal representation of a degree two rational
map will have finite index in the full automorphism group of a binary rooted
tree except under certain conditions. We prove a version of Jones’ Conjecture
for quadratic and cubic polynomials assuming the abc-Conjecture and Vojta’s
Conjecture. We also exhibit a family of degree 2 rational maps and give examples
of degree 3 polynomial maps whose arboreal representations have finite index in
the appropriate group of tree automorphisms.
1. Introduction
Let K be a field, and fix an algebraic closure K¯. Given a rational function
f ∈ K(x) of degree d ≥ 2, we use fn to denote the n-th iterate f ◦ f ◦ · · · ◦ f , and
define f 0(z) := z.
We say α ∈ P1(K) is periodic if fn(α) = α for some n ≥ 1; the smallest such
n is called the exact period of α. The point α is preperiodic if some iterate fm(α)
is periodic. If all critical points of f are preperiodic then we say the map is post-
critically finite, or PCF.
Let Ks be the separable closure of K in K¯. Choose α ∈ K; for the rest of this
paper we make the mild assumption that, for every n ≥ 0, the dn solutions to
fn(z) = α are distinct, thereby ensuring that these solutions live in the separable
closure Ks of K.
Of recent interest, as in [2, 8, 11, 14], is the set of iterated preimages of α ∈ K
under the map f :
{a ∈ P1(Ks) : fn(a) = α for some n ≥ 0}.
We consider the tree whose vertices are given by the disjoint union of the solutions
to the equations
fn(z) = α for n ≥ 0;
thus, the vertex set of this tree is
⊔
n≥0
{
a ∈ P1(Ks) : fn(a) = α} .
The edge relation of the tree is given by the action of f ; that is, we have an edge
from β1 to β2 if f(β1) = β2. Given the assumption above, this tree of preimages is
isomorphic to the infinite rooted d-ary tree, which is denoted by T∞. See Figure 1.
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Figure 1. The first few levels of T∞ when pulling back α = 0 by the
polynomial f(z) = z2 − 2.
Let Aut(T∞) denote the group of automorphisms of the infinite rooted tree; this
group is an infinite wreath product of Sd, the symmetric group on d letters. The
absolute Galois group of K acts on this copy of T∞ as tree automorphisms, which
defines a continuous homomorphism
ρ∞ : Gal(K
s/K)→ Aut(T∞).
A continuous homomorphism Gal(Ks/K) → Aut(T∞) is called an arboreal Galois
representation [2, Definition 1.1]; the particular representation ρ∞ defined above is
called the arboreal Galois representation associated to the pair (f, α) over K. The
study of arboreal Galois representations dates back to work of R. W. K. Odoni in
the 1980s [17, 18, 19]. The image of ρ∞, which we denote by G∞(f, α), or G(f) if
α = 0, is well-studied, particularly in the degree two case [5, 6, 10, 13], and is the
focus of this paper.
Jones conjectures for degree 2 rational maps that the following is true [10].
Conjecture 1. Let K be a global field and suppose that f ∈ K(x) has degree two.
Then [Aut(T∞) : G∞(f, α)] =∞ if and only if one of the following holds:
(i) The map f is post critically finite.
(ii) The two critical points γ1 and γ2 of f have a relation of the form f
r+1(γ1) =
f r+1(γ2) for some r ≥ 1.
(iii) The root α of T∞ is periodic under f.
(iv) There is a nontrivial Möbius transformation that commutes with f and
fixes α.
The ‘if’ direction of this conjecture is already established [10]. We will prove that
assuming Vojta’s Conjecture for blowups of P1×P1 and the abc-Conjecture, a similar
set of conditions characterizes the set of quadratic and cubic polynomials f ∈ K[x]
such that [Aut(T∞) : G(f)] <∞, where K is a number field.
Definition 2. Let K be a number field. We say f ∈ K[x] is eventually stable if
the number of irreducible factors of fn(x) over K is bounded as n→∞.
Theorem 3. Assume the abc-Conjecture for number fields. Let K be a number field,
and let f ∈ K[x] have degree 2. Then [Aut(T∞) : G(f)] = ∞ if and only if one of
the following holds:
(i) f is PCF
(ii) fn(x) is not eventually stable.
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Theorem 4. Assume the abc-Conjecture for number fields, and assume Vojta’s
Conjecture. Let K be a number field, and let f ∈ K[x] have degree 3. Then
[Aut(T∞) : G(f)] =∞ if and only if one of the following holds:
(i) f is PCF
(ii) fn(x) is not eventually stable
(iii) The finite critical points γ1, γ2 of f have a relation of the form f
r(γ1) =
f r(γ2) for some r.
Remark 1. Condition (iii) includes the case γ1 = γ2.
We use the eventual stability condition in the above theorems in place of Jones’
condition on the periodicity of the root. Conjecturally, these conditions are equiva-
lent for number fields K [12, Conjecture 1.2].
In order to prove Theorems 3 and 4 we first prove a set of sufficient conditions
for finite index, Theorem 8. We then use the abc-Conjecture and Vojta’s Conjecture
to prove that these conditions are met. Another key ingredient in the degree 3
polynomial case is a result of Huang restricting common divisors in distinct orbits
[7]. These arguments will not apply in the context of Jones’ original conjecture of
degree 2 rational functions since the results in [7] only apply to polynomials.
The sufficient conditions of Theorem 8 and related result can be used to find
examples of cubic polynomials and quadratic rational functions with finite index. In
addition to providing known examples of cubic polynomials with this property, we
give new a family of degree 2 rational maps and prove that the Galois groups have
finite index for several parameters (in fact, they will have index 1).
Theorem 5. Consider the family
fb(z) =
z2 − 2bz + 1
(−2 + 2b)z .
For parameters b ∈ Z satisfying b ≡ 2 mod 4 and b > 0 or b ≡ 4 mod 8,
[Aut(T∞) : G(fb)] = 1
when K = Q and hence
[Aut(T∞) : G(fb)] <∞
when K is any number field.
2. Toward a Serre-type open image theorem for arboreal
representations
We begin by proving a set of sufficient conditions for [Aut(T∞) : G(f)] <∞. We
will use Capelli’s Lemma and Dedekind’s Discriminant Theorem in the proof.
Lemma 6 (Capelli’s Lemma). Let K be a field, and f(x), g(x) ∈ K[x]. Let α ∈ K¯ be
a root of g(x). Then g(f(x)) is irreducible over K if and only if both g is irreducible
over K and f(x)− α is irreducible over K(α).
Theorem 7 ([15], p.100). Let K ⊂ L be number fields, with rings of integers OK
and OL respectively. Let pOL =
∏
qeii , where fi = f(qi|p) is the inertial degree of qi
over p. Then p divides Disc(L) to multiplicity at least
∑
i(ei− 1)fi, with equality if,
for all i, the residue characteristic of p does not divide ei.
Theorem 8. Let K be a number field, and let f ∈ K[x] be a monic polynomial of
degree d ≥ 2, where d is prime. Suppose fn(x) has at most r irreducible factors over
K as n→∞, so that
fN+n(x) = fN,1(f
n(x))fN,2(f
n(x)) · · ·fN,r(fn(x))
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is the prime factorization of fN+n(x) in K[x] for any sufficiently large N . Suppose
that there is an M such that the following holds: for each n ≥ M , and for each
1 ≤ j ≤ r, there is a multiplicity one critical point γ1 of f and a prime pn of K
such that:
• vpn(fN,j(fn(γ1))) = 1
• vpn(fm(γ1)) = 0 for all m < n+N
• vpn(fm(γt)) = 0 for all critical points γt of f with γt 6= γ1 and all m ≤ n+N
• vpn(d) = 0.
Then [Aut(T∞) : G(f)] <∞.
Remark 2. Theorem 8 does not apply to unicritical polynomials of degree at least
3, as the critical point γ1 is required to be of multiplicity one. When f is unicritical
with d ≥ 3, it is easy to see that [Aut(T∞) : G(f)] =∞. In this case, f is conjugate
to xd + c and we can see that G(f) is isomorphic to a subgroup of the infinitely
iterated wreath product of Cd with itself, which has infinite index in Aut(T∞).
We will make use of the following discriminant formulas from [1]. Let ψ ∈ K[x]
be of degree d with leading coefficient α.
Discx(ψ(x)− t) = (−1)(d−1)(d−2)/2ddαd−1
∏
b∈Rψ
(t− ψ(b))e(b,ψ)
where Rψ denotes the set of critical points of ψ, e(b, ψ) denotes the multiplicity of
the critical point b, and t is in K. From this we obtain
Discx(ψ
n(x)− t) = (−1)(dn−1)(dn−2)/2dndnα(dn−1)/(d−1)
∏
c∈Rψn
(t− ψn(c))e(c,ψn)
which is equal to
(1) (−1)(dn−1)(dn−2)/2dndnα(dn−1)/(d−1)
∏
b∈Rψ
n∏
i=1
(t− ψi(b))e(b,ψ).
Proof of Theorem 8. For all n ≥ N , let Sn,j be the set of roots of fN+n(x) whose
defining polynomial over K is fN,j(f
n(x)). Assume without loss of generality that
all of the fN,i are monic. Let αi ∈ Sn−1,j. Then
NK(α)/K(f(γ1)− αi) = fN,j(fn−1(f(γ1))) = fN,j(fn(γ1)).
We thus see that if for all l 6= 1 we have
vpn(d) = 0, vpn(fN,j(f
n(γ1))) = 1, vpn(fN,j(f
n(γl))) = 0,
then vp(Disc(f(x)− αi)) = 1 for some prime p of K(αi) lying above pn.
By Lemma 6, f(x) − αi is irreducible over K(αi), so f(x) − αi is the defining
polynomial of K(β)/K(αi), where β is some pre-image of αi under f . By Theorem
7, since d is prime, we have e(q|p) = 2 for any prime q of the Galois closure Mi =
K(f−1(αi)) of K(β)/K(αi) lying above p. In fact, I(q|p) acts as a transposition
on the roots of f(x) − αi. By a standard theorem attributed to Jordan [9], if
G is a primitive permutation group which is a subgroup of Sd and G contains
a transposition then G = Sd. Since d is prime any transitive subgroup of Sd is
primitive. It follows that Gal(Mi/K(αi)) ∼= Sd.
Let Q be any prime of KN+n−1Mi lying above q, and let P = Q ∩KN+n−1. Our
hypotheses on pn, along with (1), imply that pn does not ramify in KN+n−1. We
thus have e(P|p) = 1, which forces e(Q|q) = 1 as well. Hence e(Q|P) = 2. Since
any non-trivial element of I(Q|P) descends to a non-trivial element of I(q|p) with
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the same action on the roots of f(x) − αi, the non-trivial element of I(Q|P) must
act as a transposition on these roots. As KN+n−1 is a Galois extension of K(αi),
Gal(KN+n−1Mi/KN+n−1) is a normal subgroup of Gal(Mi/K(αi)) ∼= Sd. But a
normal subgroup of Sd containing a transposition must be Sd, so we conclude that
Gal(KN+n−1Mi/KN+n−1) ∼= Sd.
Now let M̂i = KN+n−1
∏
j 6=iMj . Let Q
′ be a prime of Kn lying above Q, and let
P′ be the prime of M̂i lying belowQ
′. We know thatP cannot divide Disc(f(x)−αk)
for any root αk of f
N+n−1(x) with k 6= i; otherwise, P divides either f(γ1)− αk or
f(γt)−αk for some t 6= 1. In the former case, P then divides αi−αk | Disc(fN+n−1),
contradicting the hypotheses on pn. In the latter case, P divides
NK(αj)/K(f(γt)− αk) | fn+N(γt),
also contradicting our hypotheses on pn. Therefore e(P
′|P) = 1. This forces
e(Q′|Q) = 1, and so e(Q′|P′) = 2.
By a similar argument as above, we conclude that Gal(KN+n/M̂i) contains a
transposition, as it is a normal subgroup of Gal(KN+n−1Mi/KN+n−1) ∼= Sd. We
obtain
Gal(Kn+N/M̂i) ∼= Sd,
and so Gal(Kn+N/KN+n−1) ∼= Smd , where m = deg(fN+n−1) = dN+n−1. Since this
holds for all sufficiently large n, [Aut(T∞) : G(f)] <∞. 
We will also make use of the abc-Conjecture in the proofs of Theorem 3 and
Theorem 4. For (z1, . . . , zn) ∈ Kn\{(0, . . . , 0)} with n ≥ 2, let Np = log(#kp)[K:Q] , where
kp is the residue field of p, we define the height of the n-tuple (z1, . . . , zn) by
h(z1, . . . , zn) =
∑
primes p of OK
−min{vp(z1), . . . , vp(zn)}Np
+
1
[K : Q]
∑
σ:K →֒C
max{log|σ(z1)|, . . . , log|σ(zn)|}.
For any (z1, . . . , zn) ∈ (K∗)n, n ≥ 2, we define
I(z1, . . . , zn) = {primes p of OK | vp(zi) 6= vp(zj) for some 1 ≤ i, j ≤ n}
and let
rad(z1, . . . , zn) =
∑
p∈I(z1,...,zn)
Np.
Conjecture 9 (abc-Conjecture for number fields). Let K be a number field. For
any ǫ > 0, there exists a constant CK,ǫ > 0 such that for all a, b, c ∈ K∗ satisfying
a+ b = c, we have
h(a, b, c) < (1 + ǫ)(rad(a, b, c)) + CK,ǫ.
Proposition 10. Let K be a number field, and assume the abc-Conjecture for K.
Let F ∈ K[x] be a separable polynomial of degree D ≥ 3. Then for every ǫ > 0,
there is a constant Cǫ such that for every γ ∈ K and every n ≥ 1 with F (γ) 6= 0,∑
vp(F (γ))>0
Np ≥ (D − 2− ǫ)h(γ) + Cǫ.
Proof. See Proposition 3.4 in [4]. 
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Proposition 11 (cf. Proposition 5.1 of [4]). Let K be a number field, and let f ∈
K[x] be of degree d ≥ 2. Let α ∈ K have infinite forward orbit under f . Let Z
denote the set of primes of OK such that min(vp(fm(α)), vp(fn(α))) > 0 for some
m < n such that fm(α) 6= 0. Then for any δ > 0, there exists an integer N such
that ∑
p∈Z
Np ≤ δh(fn(α))
for all n ≥ N with fn(α) 6= 0.
Proof. We have h(fn(α)) ≤ dn(hˆf (α)+O(1)) and h(fn(0)) ≤ dn(hˆf(0)+O(1)) where
hˆf is the canonical height, see [22, Theorem 3.20]. If p divides f
n(α) and fk(α) for
some k < n, then p divides fn−k(0). Therefore, any prime divisor of fn(α) that
divides fk(α) for some k < n divides either fk(α) or fk(0) for some 1 ≤ k ≤ ⌊n/2⌋.
This yields
∑
p∈Z
Np ≤
⌊n/2⌋∑
i=1
h(f i(α)) + h(f i(0))
≤
⌊n/2⌋∑
i=1
di(hˆf(0) + hˆf(α) +O(1))
≤ d⌊n/2⌋+1(hˆf (0) + hˆf (α) +O(1))
≤ δh(fn(α))
for all sufficiently large n. 
Proposition 12. Let f(x) ∈ K[x] where K is a number field. Suppose f has degree
d and fn(x) has at most r irreducible factors over K as n→∞, so that
fN+n(x) = fN,1(f
n(x))fN,2(f
n(x)) · · ·fN,r(fn(x))
is the prime factorization of fN+n(x) in K[x] for any sufficiently large N . Let γ ∈ K
have infinite forward orbit under f . Let Z denote the set of primes of OK such that
min(vp(f
m(α)), vp(f
n+N(α))) > 0 for some m < n+N such that fm(α) 6= 0. Fix j,
then for all sufficiently large n there is a prime p /∈ Z such that vp(fN,j(fn(γ))) = 1.
The proof of this proposition is similar to that of [4, Theorem 1.2].
Proof. Choose an i so that fN,j(f
i(x)) has degree D ≥ 8. By Proposition 10 with
ǫ = 1,
(2)
∑
vp(fN,j(fn(γ)))>0
Np ≥ (D − 3)h(fn−i(γ)) + C1.
On the other hand, since h(ψ(z)) ≤ dh(z) +Oψ(1) for any rational function ψ of
degree d (see [22, Theorem 3.11]), we also have∑
vp(fN,j (fn(γ)))>0
vp(fN,j(f
n(γ)))Np ≤ Dh(fn−i(γ)) +O(1).
From this, we can see that
(3)
∑
vp(fN,j (fn(γ)))≥2
Np ≤ D
2
h(fn−i(γ)) +O(1).
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Combining Equations (2) and (3) gives∑
vp(fN,j(fn(γ)))=1
Np >
(
D
2
− 3
)
h(fn−i(γ)) + C2 > h(f
n−i(γ)) + C2.
Now by Proposition 11 with δ = 1
2dN+i
we see that for all sufficiently large n,∑
p∈Z
Np <
1
2dN+i
h(fN+n(γ)) <
1
2
h(fn−i(γ)) + C3.
Hence, if h(fn−i(γ)) > 2(C3 − C2),∑
p∈Z
Np <
∑
vp(fN,j(fn(γ)))=1
Np,
proving the result. 
We are now ready to prove Theorem 3.
Proof of Theorem 3. We can see that each of the conditions are sufficient for [Aut(T∞) :
G(f)] =∞ by the comments after Conjecture 3.11 of [10].
Now suppose that f is not PCF and f is eventually stable. We can conjugate f
by scaling to give a monic polynomial. Then we can see by Proposition 12 that the
conditions of Theorem 8 are met. Hence, [Aut(T∞) : G(f)] <∞. 
A key ingredient in our proof of the degree 3 polynomial case is the following
result from [7].
For a, b ∈ K∗, define the generalized greatest common divisor of a and b as
hgcd(a, b) =
1
[K : Q]
∑
v∈M0
K
nv min(v
+(a), v+(b))
where v+(a) = max{− log |a|v, 0}, M0K denotes the non-archimedean places of K,
and nv = [Kv : Qv].
Theorem 13 ([7]). Assume Vojta’s Conjecture. Let K be a number field and f ∈
K[x] be a polynomial of degree d ≥ 2. Assume that f is not conjugate (by a rational
automorphism defined over Q) to a power map or a Chebyshev map. Suppose a, b ∈
K are not exceptional for f . Assume that there is no polynomial H ∈ Q[x] such that:
H ◦ fk = fk ◦H for some k ≥ 1, H(0) = 0, and H(f l(a)) = fm(b) or H(f l(b)) =
fm(a) for some l, m ≥ 1. Then for any ǫ > 0, there exists a C = C(ǫ, a, b, f) > 0
such that for all n ≥ 1, we have
hgcd(f
n(a), fn(b)) ≤ ǫdn + C.
Remark 3. The condition H(0) = 0 does not appear in [7]; it is readily seen that the
conclusion of Theorem 13 holds if such an H satisfies H(0) 6= 0, as we have taken
α = β = 0 in the original statement of [7].
The form of Vojta’s Conjecture used in this result is as follows.
Conjecture 14 (Vojta’s Conjecture [23]). Let V be a smooth projective variety over
a number field K. Let K be the canonical divisor of V and let A be an ample normal
crossings divisor, with associated height functions hK and hA. For any ǫ > 0, there
is a proper Zariski-closed Xǫ ⊂ V and a constant Cǫ = C(V,K,A) such that
hK(x) ≤ hA(x) + Cǫ
for all x ∈ V (K)\Xǫ(K).
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Proposition 15. Let K be a number field, and assume the abc-Conjecture for K.
Let f ∈ K[x] be a non-PCF, eventually stable polynomial of degree 3 with distinct
finite critical points γ1, γ2. If f
i(γ1) = f
j(γ2) for some i 6= j, then [Aut(T∞) :
G(f)] < ∞.
Proof. As f is non-PCF, the hypothesis implies that γ1 and γ2 have infinite forward
orbit under f . If f i(γ1) = f
j(γ2) for i < j, then for all n > 2j− i, any prime divisor
of fn(γ2) by definition is not a primitive prime divisor of f
n(γ1). The result then
follows immediately from Theorem 8 combined with Proposition 12. 
Proposition 16. Let K be a number field, and let f ∈ K[x] be a non-PCF polyno-
mial of degree 3 with distinct finite critical points γ1, γ2 ∈ K. Suppose there exists
an H ∈ Q[x] such that H ◦ f t = f t ◦ H for some t ≥ 1, and that H(0) = 0, and
H(fm(γ1)) = f
n(γ2) for some m,n ≥ 1. Then H = L ◦ ψr, r ≥ 0, where L is a
linear polynomial commuting with some iterate of f , and ψk = f l for some k, l ≥ 0.
One of the following must hold:
(i) L(x) = ax with a 6= 1, in which case f is not eventually stable
(ii) L(x) = x, in which case f i(γ1) = f
j(γ2) for some i, j ≥ 1
(iii) L(0) 6= 0, in which case, for any ǫ > 0, hgcd(fn(γ1), fn(γ2)) ≤ ǫdn for all
sufficiently large n.
Proof. That there exist such an L and ψ follows from Ritt’s Theorem [20, 21].
Cases (i) and (ii) are clear, so suppose we are in Case (iii). Conjugating f to a
monic centered representative g, so that g = µ−1fµ, we obtain H ′ = L′ ◦ ψ′r, where
H ′ = µ−1Hµ, L′ = µ−1Lµ, and ψ′ = µ−1ψµ. As g is in monic centered form, we
must have L′(x) = −x or L′(x) = x. If L′(x) = x, then we are in Case (ii); assume
therefore that L′(x) = −x. If γ′1 and γ′2 are the critical points of g, then this implies
gn(γ′1) = −gn(−γ′1) = −gn(γ′2). Noting that µ−1(0) 6= 0 (for otherwise, Case (i) or
Case (ii) would hold), it follows that
hgcd(g
n(γ′1)− µ−1(0), gn(γ′2)− µ−1(0)) = hgcd(fn(γ1), fn(γ2)) ≤ ǫdn
for all sufficiently large n. 
Proof of Theorem 4. The sufficiency of conditions (i) and (ii) follows from the proof
of Conjecture 3.11 of [10]. To see that (iii) implies the index is infinite, note that
Disc(fn) = ±33nDisc(fn−1)3fn(γ1)fn(γ2).
Base changing so that K contains i and
√
3, we get that Disc(fn) is a square in
Kn−1, so Gal(Kn/Kn−1) contains only even permutations in its action on the roots
of fn. Since this holds for all n ≥ r, [Aut(T∞) : G(f)] =∞.
Conversely, assume f is not PCF, that f is eventually stable, and that f has two
distinct finite critical points γ1, γ2 ∈ K not satisfying (iii) for any r. If there is no
polynomial H as described in Theorem 13, then Theorems 13 and 8 combined with
Proposition 12 imply [Aut(T∞) : G(f)] <∞ (note that we can conjugate by scaling
to assume f is monic, as in the statement of Theorem 8). On the other hand, if
there does exist such an H , then by Proposition 16, either f i(γ1) = f
j(γ2) for some
i, j ≥ 1 with i 6= j, or, for any ǫ > 0, we have
hgcd(f
n(γ1), f
n(γ2)) ≤ ǫdn
for all sufficiently large n. In the former case, Proposition 15 then yields [Aut(T∞) :
G(f)] < ∞. In the latter case, Theorems 13 and 8, along with Proposition 12
complete the proof. 
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3. Example of families of rational maps with finite index
3.1. Cubic polynomial examples. If we focus on specific examples of cubic and
quadratic families of maps, we need not appeal to the abc-Conjecture or Vojta’s
Conjecture to get finite index results. The following proposition gives sufficient
conditions we could check for a specific example or family of cubic polynomials to
prove finite index arboreal representation.
Proposition 17. Let K be a number field and let f(x) ∈ K[x] be a monic degree
3 polynomial. Let γ1, γ2 denote the finite critical points of f . Suppose that f
n(x) is
irreducible and there exists a prime p of K such that
• vp(fn(γ1)) is odd
• vp(fn(γ2)) = 0
• vp(3) = 0
• vp(f i(γ1)) = vp(f i(γ2)) = 0 for 1 ≤ i < n
then [Kn : Kn−1] = 6
3n−1.
Proof. Let α1, α2, . . . , α3n−1 denote the roots of f
n−1(x). As in Section 2, let Mi =
K(f−1(αi)) and M̂i = Kn−1
∏
i 6=j Mj.
Since vp(f
n(γ1)) is odd, we must have vp′(Disc(f(x)−αi) is odd for some prime p′
of K(αi) lying over p. Thus, p
′ must ramify inMi, and f(x)−αi must have at least a
double root modulo p′. If this root had multiplicity 3, then f ′(x) has a double root
modulo p′, so γ1 ≡ γ2 mod p′ and hence fn(γ1) ≡ fn(γ2) mod p′, contradicting
our hypotheses. Hence, f(x)− αi ≡ (x− η)2(x− ξ) mod p′ and for any prime q of
K(αi) lying over p
′, I(q|p′) acts as a transposition on the roots of f(x)− αi.
Following the arguments in the proof of Theorem 8, we can see thatGal(Kn/M̂i) ∼=
S3 and hence [Kn : Kn−1] = 6
3n−1 . 
Consider the cubic polynomials:
g1(z) = z
3 − 6012
2755
z2 +
12636
13775
z +
54
95
and
g2(z) = z
3 + 7z2 − 7.
In [3], Combs shows that the image of the arboreal representation associated to g1
is surjective. In [16], Looper shows that the image of the arboreal representation
associated to g2 is an index 2 subgroup of of Aut(T∞). Each of these examples can
be shown to satisfy the hypotheses of Proposition 17.
3.2. A family of degree 2 rational maps. In order to give an example of a family
of quadratic rational map with surjective arboreal Galois representation, we follow
the conventions of [13]. To this end, we define the following notation:
fn = Pn
Qn
where Pn and Qn are polynomials;
ℓ(r) the leading coefficient of a polynomial r;
vp(n) the p-adic valuation of n for some prime p,
i.e. if n = pνd with p ∤ d, then vp(n) = ν; and
Res(Q,P ) the resultant of the polynomials P and Q.
Proposition 17 is analogous to a result of Jones and Manes [13, Corollary 3.8],
which we state in the following theorem.
Theorem 18 ([13, Corollary 3.8]). Let f = P1(x)
Q1(x)
∈ K(x) have degree 2, let c =
Q1P
′
1 − P1Q′1, and suppose that fn(∞) 6= 0 for all n ≥ 1 and that f has two finite
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critical points γ1, γ2 with f(γi) 6= ∞ for each i. Suppose further that there exists a
prime p of K with vp(Pn(γ1)Pn(γ2)) odd and
0 = vp(ℓ(P1)) = vp(ℓ(c)) = vp(Res(Q1, P1)) = vp(Disc P1) = vp(Pj(γi))
for 1 ≤ i ≤ 2, 2 ≤ j ≤ n− 1. Then [Kn : Kn−1] = 22n−1 .
Consider the family
fb(z) =
z2 − 2bz + 1
(−2 + 2b)z ,
where b 6= 1 is an algebraic number.
We will use Theorem 18 to show that an infinite number of members of this family
have surjective arboreal representation over Q. This is the first example of an infinite
family of non-polynomial rational maps having finite index arboreal representation.
Prior to this work, there was a single non-polynomial quadratic map that was known
to have finite index; this example was given in [13].
In the context of this particular family, we see that:
P1(x) = z
2 − 2bz + 1,
Q1(x) = (−2 + 2b)z,
ℓ(P1) = 1,
Disc(P1) = 4(b
2 − 1),
c = (−2 + 2b)z(2z − 2b)− (z2 − 2bz + 1)(−2 + 2b)
= (−2 + 2b)(z2 − 1),
ℓ(c) = 2(b− 1),
Res(Q1, P1) = 4(b− 1)2,
Pn(z) = Pn−1(z)
2 − 2bPn−1(z)Qn−1(z) +Qn−1(z)2,
Qn(z) = 2(b− 1)Pn−1(z)Qn−1(z).
The point ∞ is a fixed point for this family. Since every member of this family
maps 0 to ∞, we see that 0 is always strictly preperiodic. The critical points of this
family are 1 and −1. The critical point 1 is mapped by every member of the family
to the critical point −1, so this family’s critical orbits collide.
As long as the numerator of fb(z) is irreducible, the extension at level n = 1 is
maximal. Over Q, this is the case for any integer b 6= 0, 1. We will show that, for
all n ≥ 2, the numerator Pn(−1) has a primitive prime divisor with odd valuation
that does not divide 2(b− 1)(b+ 1).
Lemma 19. Suppose b 6= 1 is an integer. Let p be a prime and suppose that
p | Qi(−1) for some i ≥ 1. Then, for all j > i, we have that p | Qj(−1).
Proof. Suppose that p | Qi(−1). Then,
Qi+1(−1) = 2(b− 1)Pi(−1)Qi(−1),
so p | Qi+1 (−1). By induction, the result follows. 
Lemma 20. Suppose b 6= 1 is an integer. Then, for n ≥ 1, the only possible common
divisors of Pn(−1) and Qn(−1) are powers of 2.
Proof. We proceed by induction. For the base case, we remark that P1(−1) = 2+2b,
and Q1(−1) = 2− 2b. Thus, any common factor of P1(−1) and Q1(−1) must divide
P1(−1) +Q1(−1) = 4, which gives the base case.
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Suppose that the result is true for Pn(−1) and Qn(−1). We wish to show that
the same is true for Pn+1(−1) and Qn+1(−1).
Suppose that p is an odd prime dividing Qn+1(−1). Since
Qn+1(−1) = 2(b− 1)Pn(−1)Qn(−1),
it follows that p | (b − 1), or that p | Qn(−1), or that p | Pn(−1). Moreover, if
p | (b− 1), then p | Qn(−1) by Lemma 19. Thus, either p | Qn(−1), or p | Pn(−1);
by the inductive hypothesis, p cannot divide both.
Suppose that p | Qn(−1) and p ∤ Pn(−1); the argument in the other case is
identical. Then,
Pn+1(−1) = Pn(−1)2 − 2bPn(−1)Qn(−1) + Pn(−1)2 ≡ Pn(−1)2 6≡ 0 mod p,
so p ∤ Pn+1(−1). 
Lemma 21. Suppose b 6= 1 is an integer. Let p be an odd prime and suppose that
p | Pi(−1) for some i ≥ 1. Then, for all j > i, we have that p | Qj(−1) and
p ∤ Pj(−1).
Proof. Suppose p is an odd prime and p | Pi(−1). Since
Qi+1(−1) = 2(b− 1)Pi(−1)Qi(−1),
it follows that p | Qi+1(−1). By Lemma 19, it follows that p | Qj(−1) for all j > i.
Since p is an odd prime, it follows by Lemma 20 that p ∤ Pj(−1) for all j > 1. 
Lemma 22. Suppose b 6= 1 is an integer. If p is an odd prime divisor of Pn(−1),
then p is a primitive prime divisor. Further, for any n ≥ 2, the odd primes dividing
Pn(−1) do not divide 2(b− 1)(b+ 1).
Proof. Suppose that p is an odd prime divisor of Pn(−1). Suppose further that
p | Pi(−1) for some i < n. By Lemma 21, it follows that p ∤ Pj(−1) for all j > i;
in particular, this implies that p ∤ Pn(−1), a contradiction. Hence, any odd prime
dividing Pn(−1) is primitive.
Note that P1(−1) = 2 + 2b, and Q1(−1) = 2 − 2b. Any odd prime p dividing
2(b − 1)(b + 1) must therefore divide P1(−1) = 2 + 2b or Q1(−1) = 2 − 2b. By
Lemmas 19, 20, and 21, it follows that p ∤ Pn(−1) for n > 1.

Lemma 23. Let b be an even integer. Then v2(Pn(−1)) = v2(Qn(−1)) = 2n − 1.
Proof. We proceed by induction on n. Since b is even v2(2+2b) = v2(2−2b) = 1 so the
result holds for n = 1. Now suppose v2(Pn−1(−1)) = v2(Qn−1(−1)) = 2n−1−1. Write
Pn−1 = 2
2n−1−1un−1 and Qn−1 = 2
2n−1−1wn−1 where un−1 and wn−1 are relatively
prime odd integers. Then
Qn(−1) = 2(b− 1)22n−1−1un−122n−1−1wn−1
= 22
n−1(b− 1)un−1wn−1
and
Pn(−1) = (22n−1−1un−1)2 − 2b(22n−1−1un−1)(22n−1−1wn−1) + (22n−1−1wn−1)2
= 22
n−2(u2n−1 − 2bun−1wn−1 + w2n−1).
Since un−1 and wn−1 are odd and b is even, u
2
n−1 − 2bun−1wn−1 + w2n−1 ≡ 2 mod 4.
Hence v2(Pn) = v2(Qn) = 2
n − 1 as desired. 
Lemma 24. Let b ≡ 2 mod 4 and b > 0. Then Pn(−1) = 22n−1un where un is odd
and un 6= ±y2.
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Proof. We can see by induction that Pn(−1) > 0 and Qn(−1) < 0. Thus, un > 0 so
un 6= −y2 for any integer y. By the proof of Lemma 23,
2un = u
2
n−1 − 2bun−1wn−1 + w2n−1,
where un−1 and wn−1 are odd. Thus, 2un ≡ 6 mod 8. This implies un ≡ 3 or 7
mod 8 and hence un 6= y2 for any integer y.

Lemma 25. Suppose b ≡ 4 mod 8. Then Pn(−1) = 22n−1un where un is odd and
un 6= ±y2.
Proof. We claim that un and wn are each congruent to ±3 mod 8. We proceed by
induction, first note that u1 = 1 + b and w1 = 1 − b, since b ≡ 4 mod 8 the result
holds for n = 1.
Now suppose and un−1 and wn−1 are both ±3 mod 8. Then,
wn = (b− 1)un−1wn−1 ≡ ±33 ≡ ±11 mod 16,
and
2un = u
2
n−1 − 2bun−1wn−1 + w2n−1
≡ 9 + 8 + 9 ≡ 10 mod 16.
So un, must be congruent to 5 or 13 modulo 16. Proving the claim that un and wn
are each congruent to ±3 mod 8. This shows that un 6= ±y2 for any integer y. 
Proof of Theorem 5. By design fnb (∞) 6= 0 for all n ≥ 1 and fb has two finite critical
points 1 and −1 whose orbits collide. That is, fb(1) = −1. Using arguments similar
to those in Lemma 21 and Lemma 22, any common factor of Pn(1) and Qn(1) must
divide both P1(1) andQ1(1) and hence must divide 2(b−1). Since fnb (1) = fn−1b (−1),
we have
Pn(1)
Qn(1)
=
Pn−1(−1)
Qn−1(−1) .
Thus, by Lemmas 22, 24, and 25, for each n ≥ 2, we have a prime p satisfying
vp(Pn(1)Pn(−1)) = vp(Pn(−1)) is odd and
0 = vp(ℓ(P1)) = vp(ℓ(c)) = vp(Res(Q1, P1)) = vp(Disc P1) = vp(Pj(±1)),
for all 2 ≤ j ≤ n−1. Thus we can apply Theorem 18 to conclude that [Kn : Kn−1] =
22n−1 for each n, proving [Aut(T∞) : G(fb)] = 1. 
Remark 4. This argument does not readily extend to b ≡ 2n mod 2n+1 for n ≥ 3.
We note that the above proof gives us squares in the base case when 2n + 1 = y2,
and the induction step gives us that u, w ≡ 1 mod 2n+1. A different argument may
be needed for other values of b.
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